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Abstract By use of Löwdin and Guseinov relations for the radial and angular part of
two-center overlap integrals, respectively, the computer calculations of overlap inte-
grals over Slater type orbitals (STOs) in molecular coordinate system are performed.
The results of calculations are valid for arbitrary principal quantum numbers, screen-
ing constants and location of STOs. Excellent agreement with benchmark results and
stability of the technique are demonstrated.

Keywords Slater type orbitals · Overlap integrals · Hartree–Fock · Wave function ·
Löwdin α function · Guseinov rotational transformation function

1 Introduction

The Löwdin α [1] and Guseinov rotational transformation [2–4] functions play a deci-
sive role in the calculation of multicenter integrals over STOs in molecular coordinate
system. The different approaches of Löwdin αfunction method for solving multicen-
ter integrals with STOs are available in the literature [5–19]. There is a long history
(started by Jones [5–10], Sharma [11–14] and Suzuki [15]) of systematic attempts to
obtain accurate and fast evaluation of molecular integrals using Löwdin α function.
Unfortunately, they were not entirely successful in the evaluation of multicenter inte-
grals for high quantum numbers. The aim of this report is to calculate the overlap
integrals over STOs in molecular coordinate system for high quantum numbers using
the analytical approaches for Löwdin α–radial and Guseinov rotation–angular func-
tions presented in Refs. [15] and [2–4], respectively. It should be noted that the overlap
integrals arise not only in the Hartree–Fock–Roothaan equations for molecules, but
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are also central to the calculation of arbitrary multicenter integrals based on the Gu-
seinov’s series expansion formulas about a new center [20] and one-range addition
theorems for STOs [21] which necessitate to accurately calculate the overlap integrals
especially for large quantum numbers. The overlap integrals over STOs are also used
in all of the semiempirical methods [22].

2 Definition

The two-center overlap integrals over STOs with respect to molecular coordinate sys-
tem (nonlined-up coordinate systems) are defined as

Snlm,n′l′m′
(
ζ, ζ ′, �R

)
=

∫
χ∗

nlm (ζ, �ra)χn′l′m′
(
ζ ′, �rb

)
dV, (1)

where �R ≡ �Rab = �ra − �rb and

χnlm (ζ, �r) = (2ζ )n+ 1
2 [(2n)!]− 1

2 rn−1e−ζ rSlm(θ, ϕ). (2)

Here, the complex and real spherical harmonics Slm are determined by

Slm(θ, ϕ) = Pl|m|(cos θ)�m(ϕ), (3)

where Pl|m| are the normalized associated Legendre functions [23,24] and for complex
spherical harmonics (SH)

�m(ϕ) = 1√
2π

eimϕ, (4)

for real spherical harmonics

�m(ϕ) = 1√
π(1 + δm0)

{
cos |m| ϕ for m ≥ 0
sin |m| ϕ for m < 0

. (5)

We notice that our definition of phases for complex spherical harmonics (Y ∗
lm = Yl−m)

differs from the Condon–Shortley phases (Y ∗
lm = (−1)mYl−m) by the sign factor [25].

3 Löwdin α-radial function for overlap integrals

In order to calculate the integral (1) in molecular coordinate system, we use the fol-
lowing relation for the radial parts of overlap integrals obtained by Jones [5] with the
help of Löwdin α method:
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Snlλ,n′l′λ(ζ,ζ ′,R) = Nnl,n′l′λ(−1)l
′+λ

(
ζ ′
ζ

)n′+ 1
2

×
n+l+l′∑

i=0

n+l′∑
j=0

(n′−l′+j)!Cnlλ
l′ (i,j)(ζa)n

′−2l′−l+i+j

×
[
e−ζR

(
(−1)j

[R(ζ ′−ζ )]n′−l′+j+1 − 1

[R(ζ ′+ζ )]n′−l′+j+1

)

+ e−ζ ′R
n∑

k=0

1
(n′−l′+j−k)!

(
(−1)i

[R(ζ ′+ζ )]k+1 − (−1)j

[R(ζ ′−ζ )]k+1

)]
for ζ �=ζ ′

(6)

Here, λ = |m| = ∣∣m′∣∣ and

Nnl,nl′λ = (−1)λ2n′+n

[
(2l + 1)(2l′ + 1)(l + λ)!(l′ − λ)!

(2n′)!(2n)!(l′ + λ)!(l − λ)!
] 1

2

, (7)

Cnlλ
l′ (i, j)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(l− 1
2 )!(l′− 1

2 )!
(l+λ)!(l′−λ)!

min{[i/2],l+l′}∑
K=0

min{[j/2],l+l′−K}∑
k=0

(n+l+2l′−2K−2k)!
(i−2K)!(j−2k)!

×bl+l′−K−kk(lλ\l′) for i + j ≤ n + l − λ + 2l′
0 for i + j > n + l − λ + 2l′

(8)

where

bKk(lλ\l′) = (l − λ)!(l + λ)!(l′ − λ)!(l′ + λ)!(l − K − 1
2 )!(l′ − k − 1

2 )!
(l + l′ − K − k)!(l − 1

2 )!K!(l′ − 1
2 )!k!

×
l−λ∑
s=0

(−l + K + k + s − 1
2 )!

s!(l − λ − s)!(l′ − l + s)!(−l + s − 1
2 )!(l + λ − s)!

(9)

In Eqs. 8 and 9 the factorial (p − 1/2)! has the form [15]

(p − 1/2)! =
{

(p − 1/2)(p − 3/2) . . . 1/2 for a positive integer p

1/[(−1)−p(−p − 1/2)!] for a negative integer p
(10)

with (−1/2)! ≡ 1. Thus the following relation holds [15]:

(p − 1/2)!(−p − 1/2)! = (−1)p. (11)
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4 Guseinov rotation–angular function for overlap integrals

The explicit expressions of for the Guseinov rotational transformation functions
T λ

lm,l′m′ (θ, ϕ) in terms of Clebsch–Gordan coefficients and spherical harmonics have
the following form [2–4]:
for complex SH

T λ
lm,l′m′ (θ, ϕ) = 2

1 + δλ0

l+l′∑
L=|l−l′|

(2)Cll′L
m,−m′,m−m′Cll′L

λ,−λ,0

(
4π

2L + 1

)1/2

×YL,m−m′ (θ, ϕ) , (12)

for real SH

T λ
lm,l′m′ (θ, ϕ) = 2(−1)γ+γ ′

(1 + δλ0) [(1 + δm0) (1 + δm′0)]
1/2

1∑
i=−1

(2)
l+l′∑

L=|l−l′|
(2) (εm0)

δi,ε
mm′

×Cll′L
iγ,γ ′,iγ+γ ′Cll′L

λ,−λ,0

[
2π

(
1 + δMi0

)

2L + 1

]1/2

SLMi (θ, ϕ) , (13)

where γ = |m|,γ ′ = ∣∣m′∣∣, Mi = εmm′
∣∣iγ + γ ′∣∣and εmm′ = ± 1. The sign of the sym-

bol εmm′ is determined by the product of the signs mand m′ (the sign of zero is regarded
as positive). The symbol

∑
(2) indicates that the summation is to be performed in steps

of two. For γ = γ ′ and εmm′ = −1 terms with a negative value of index i(i = −1)

contained in Eq. 13 should be equated to zero. The quantities Cll′L occurring in Eqs.
12 and 13 are the Clebsch–Cordan coefficients in the case of our phases (see Ref. [2]).

In the case of lined-up coordinate systems the functions T λ
lm,l′m′(θ, ϕ)are deter-

mined by

T λ
lm,l′m′(θ, ϕ) = δmm′δλ|m′|

{
1 for θ = 0, ϕ = 0
(−1)l+l′ for θ = π, ϕ = 0

. (14)

Following properties hold for the rotational transformation functions [4]:

l∑
m=−l

T λ
lm,lm(θ, ϕ) = 2

1 + δλ0
, (15)

l∑
λ=0

T λ
lm,lm′(θ, ϕ) = δmm′ , (16)
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l∑
m=−l

l′∑
m′=−l′

T ∗λ
lm,l′m′(θ, ϕ)T λ′

lm,l′m′(θ, ϕ) = 2

1 + δλ0
δλλ′ . (17)

We notice that the matrices of the rotational transformation functions are Hermitian,
i.e.,

T λ
lm,l′m′(θ, ϕ) = T ∗λ

l′m′,lm(θ, ϕ). (18)

To evaluate the overlap integrals, in molecular coordinate system we use Eqs. 6
and 13 in (1). Then we obtain:

Snlm,n′l′m′(ζ, ζ ′; �R) =
min(l,l′)∑

λ=0

T ∗λ
lm,l′m′(θ, ϕ)Snlλ,n′l′λ(ζ, ζ ′;R). (19)

5 Numerical results and discussion

In this paper, we performed the computation of overlap integrals over STOs for high
values of quantum numbers using Löwdin α and Guseinov rotational transformation
functions. We note that the Guseinov rotational transformation function is very impor-
tant for evaluation of multicenter integrals in molecular coordinate system. Moreover,
the multicenter integrals can be directly evaluated in molecular coordinate system by
using Guseinov function. Also, the formulas can easily be implemented with an alge-
braic computer language. The comparative results of overlap integrals calculations on
a Mathematica 5.0 international mathematical software and Turbo Pascal 7.0 language
packages for various values of parameters obtained in the lined-up and nonlined-up
coordinate systems are represented in Tables 1 and 2, respectively. The numerical
results obtained from the formulas (6) and (19) using Mathematica 5.0 international
mathematical software are seen to be very accurate: these results exactly agree with
the results of Ref. [27]. We see that the accuracy of overlap integrals strongly depends
on the presented formulas and especially on the used program language packages. We
note that, the difference between the numerical results of Eq. 5 of Ref. [26] and Eq. 19
arises only after 45th digits. It should be noted that for the comparison of the accuracy
of computer results obtained from the formulas of overlap integrals, one should use
the same program language packages.

We notice that the algorithm used in this study is of a completely general type and
can be utilized to calculate any overlap integral for the arbitrary values of quantum
numbers, screening constants and location of STOs, and internuclear distances. We
believe that the Löwdin α-radial and Guseinov rotation–angular formulas are impor-
tant for the ab initio calculations of atoms and molecules. The ultimate purpose of
this study is to perform the molecular ab initio calculations using Löwdin–Guseinov
approach for overlap integrals arising in the Guseinov method for the expansion of
STOs about a displaced center (see Ref. [20]).
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